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Parity of |nlm〉:
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⇒ Total angular momentum J = l+ s

|J,M〉 =
∑

ml,ms

(ml+ms=M)

Cj
mlms

|lml〉 |sms〉

Hyperfine structure: nuclear spin I interacts with l and s

⇒ LI interaction VLI ∝ l · I ∼ me

mp
α2En

⇒ Total angular momentum F = J + I
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For ω ∼ ωnn′ ⇒ iωA = E ⇒

Dipole coupling VAF = −er ·E
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Problems & Questions

Prove the commutation relation [r,HA] = i ~

me
P

Γeg is the spontaneous decay rate of an excited atomic state |e〉 to the ground state

|g〉 by emitting a photon into the vacuum modes of the radiation field.

If the initial state of the field was not a vacuum n = 0, but, e.g., a thermal state [with

Plank distribution n̄(ωk) = (e~ωk/kBT − 1)−1], what would the decay rate Γeg be?

Could an atom in the ground state |g〉 be excited to |e〉 by the thermal photons? What

would the excitation rate Γge be?
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II. Two-level atom in a laser field
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Rotating Wave Approximation (RWA): ω + ωeg ≫ ω − ωeg ≡ ∆
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Damped Rabi Oscillations

∂
∂t
ρgg = Γρee + i(Ω∗ρeg − ρgeΩ)

∂
∂t
ρee = −Γρee + i(Ωρge − ρegΩ

∗) γeg = 1
2Γ + . . .

∂
∂t
ρeg = (i∆− γeg)ρeg − iΩ(ρee − ρgg)
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Eigenstates (dressed states)

Interaction Hamiltonian (rotating frame ω)

Hint = −~∆ |e〉〈e| − ~Ω( |e〉〈g| + |g〉〈e| ) = −~

[

0 Ω
Ω ∆

]

{ |g〉, |e〉}
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Eigenstates (dressed states)

Interaction Hamiltonian (rotating frame ω)

Hint = −~∆ |e〉〈e| − ~Ω( |e〉〈g| + |g〉〈e| ) = −~

[

0 Ω
Ω ∆

]
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Interaction Hamiltonian (rotating frame ω)
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2 |g〉 ± Ω |e〉
]

∆ = 0 ⇒
λ± = ±Ω |±〉 = 1√

2
[ |g〉 ± |e〉]

∆ ≫ |Ω| (∆ > 0) ⇒
λ+ → ∆ |+〉 → |e〉
λ− → 0 |−〉 → |g〉
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Eigenstates (dressed states)

Interaction Hamiltonian (rotating frame ω)

Hint = −~∆ |e〉〈e| − ~Ω( |e〉〈g| + |g〉〈e| ) = −~

[
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2 |g〉 ± Ω |e〉
]

∆ = 0 ⇒
λ± = ±Ω |±〉 = 1√

2
[ |g〉 ± |e〉]

∆ ≫ |Ω| (∆ > 0) ⇒
λ+ → ∆ |+〉 → |e〉
λ− → 0 |−〉 → |g〉

−∆ ≫ |Ω| (∆ < 0) ⇒
λ+ → 0 |+〉 → |g〉
λ− → ∆ |−〉 → |e〉
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∆(t) = at (a > 0) [ω(t) or ωeg(t)]

Initial state |Ψ(−∞)〉 = |g〉 ≃ |+〉

Final state |Ψ(∞)〉 = |e〉 ≃ |+〉 (?)

Non-adiabatic |+〉 → |−〉 transition probability (Landau-Zener formula)

Ptr = e−2πΓ Γ = Ω2

∂
∂t

|λ+−λi|
∼ Ω2

a

Ω2 ≫ a ⇒ Γ ≫ 1 & Ptr ≪ 1: Adiabatic following |Ψ(t)〉 = |+〉 ∀ t

Adiabatic transfer |g〉 → |e〉
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Problems & Questions

A resonant (∆ = 0) coherent field with Rabi frequency Ω can prepare an equally

weighted superposition of atomic states |g, e〉 for π/2-pulse

2
∫

dtΩ(t) = 2ΩTπ/2 = π/2 (assuming square pulse).

For a non-resonant field |∆| ≤ 2Ω, what would be the pulse area/duration for

preparing |cg,e| =
1√
2

? What would be the relative phases for the amplitudes?

In a Landau-Zener process of some duration T = 1/v, governed by the Schrödinder

eq. iv∂τ |Ψ(τ)〉 = H(τ) |Ψ(τ)〉 (τ ≡ vt), show that the non-adiabatic couling between

the instantanous eigenstates |Ψ±〉 [H(τ) |Ψ±〉 = λ± |Ψ±〉) is

−iv〈Ψ+| ∂τ |Ψ−〉 = −i
v

λ+ − λ−
〈Ψ+| ∂τH(τ) |Ψ−〉
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III. Three-level atom
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HA = ~ωg |g〉〈g| + ~ωe |e〉〈e| + ~ωs |s〉〈s|

VAF(t) = −℘ · [E1(t) +E2(t)] ℘µν ≡ 〈µ|℘ · ej |ν〉

= −℘eg|e〉〈g|E1e−iω1t − ℘es(gs)|e(g)〉〈s|E2e−iω2t +H.c.
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VAF(t) = −℘ · [E1(t) +E2(t)] ℘µν ≡ 〈µ|℘ · ej |ν〉

= −℘eg|e〉〈g|E1e−iω1t − ℘es(gs)|e(g)〉〈s|E2e−iω2t +H.c.

Interaction Hamiltonian (rotating frame ω1,2)

HΞ,Λ = −~

[

0 Ω1 0
Ω1 ∆1 Ω2
0 Ω2 ∆1 ±∆2

]

HV = −~

[

0 Ω1 Ω2
Ω1 ∆1 0
Ω2 0 ∆2

]

{ |g〉, |e〉, |s〉} ∆1,2 = ω1,2 − ωµν Ω1,2 =
℘µν

~
E1,2
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|Ψ(t)〉 = cg(t) |g〉+ ce(t) |e〉+ cs(t) |s〉 ∂
∂t

|Ψ(t)〉 = − i
~
HΛ |Ψ(t)〉 ⇒

∂
∂t
cg = iΩ1ce

∂
∂t
ce = (i∆1 − γe)ce + iΩ1cg + iΩ2cs

∂
∂t
cs = i(∆1 −∆2)cs + iΩ2ce
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|Ψ(t)〉 = cg(t) |g〉+ ce(t) |e〉+ cs(t) |s〉 ∂
∂t

|Ψ(t)〉 = − i
~
HΛ |Ψ(t)〉 ⇒

∂
∂t
cg = iΩ1ce

∂
∂t
ce = (i∆1 − γe)ce + iΩ1cg + iΩ2cs

∂
∂t
cs = i(∆1 −∆2)cs + iΩ2ce

Resonant interaction ∆1 = ∆2 = 0 Ω1,2 =
√
2Ω ≫ γe ⇒

cg(t) = cos2(Ωt)

ce(t) = i
√
2 sin(Ωt) cos(Ωt)

cs(t) = − sin2(Ωt)
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|Ψ(t)〉 = cg(t) |g〉+ ce(t) |e〉+ cs(t) |s〉 ∂
∂t

|Ψ(t)〉 = − i
~
HΛ |Ψ(t)〉 ⇒

∂
∂t
cg = iΩ1ce

∂
∂t
ce = (i∆1 − γe)ce + iΩ1cg + iΩ2cs

∂
∂t
cs = i(∆1 −∆2)cs + iΩ2ce

Non-resonant interaction ∆1 ≫ Ω1,2, γe ⇒

ce(t) = i
∫ t

0
e(i∆1−γe)(t−t′)

[

Ω1cg(t
′) + Ω2cs(t

′)
]

dt′

≃ i
[

Ω1cg(t) + Ω2cs(t)
] ∫ t

0
e(i∆1−γe)(t−t′)dt′ = Ω1cg+Ω2cs

∆1+iγe
(γet ≫ 1)
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|Ψ(t)〉 = cg(t) |g〉+ ce(t) |e〉+ cs(t) |s〉 ∂
∂t

|Ψ(t)〉 = − i
~
HΛ |Ψ(t)〉 ⇒

∂
∂t
cg = iΩ1ce

∂
∂t
ce = (i∆1 − γe)ce + iΩ1cg + iΩ2cs

∂
∂t
cs = i(∆1 −∆2)cs + iΩ2ce

Non-resonant interaction ∆1 ≫ Ω1,2, γe ⇒

ce(t) = i
∫ t

0
e(i∆1−γe)(t−t′)

[

Ω1cg(t
′) + Ω2cs(t

′)
]

dt′

≃ i
[

Ω1cg(t) + Ω2cs(t)
] ∫ t

0
e(i∆1−γe)(t−t′)dt′ = Ω1cg+Ω2cs

∆1+iγe
(γet ≫ 1)

⇒ Two-photon (Raman) transition |g〉 → |s〉

∂
∂t
cg = −(iSg +γg)cg + iΩeff ce Ωeff = Ω1Ω2

∆1
eff. (2-phot.) Rabi fr.

∂
∂t
cs = −

[

i(Ss −∆1 +∆2) + γs
]

cs + iΩeff cg

Stark shifts of |g, e〉: Sg,s =
|Ω1,2|2

∆1
; decays γg,s = γe

Sg,s

∆1
→ 0
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∂
∂t
cg = iΩeff cs

∂
∂t
cs = i∆effcs + iΩeff cg

MAOP-AM, 30/08/22 – p. 21/25



FORTH
IESL

FORTH
IESLRabi Oscillations

∂
∂t
cg = iΩeff cs

∂
∂t
cs = i∆effcs + iΩeff cg

Solution cg(0) = 1, cs(0) = 0

cg(t) = cos(Ω̄efft)− i ∆eff

2Ω̄eff
sin(Ω̄efft)

cs(t) = iΩeff

Ω̄eff
sin(Ω̄efft) Ω̄eff ≡

√

Ω2
eff + (∆eff/2)2
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∂
∂t
cg = iΩeff cs

∂
∂t
cs = i∆effcs + iΩeff cg

Solution cg(0) = 1, cs(0) = 0

cg(t) = cos(Ω̄efft)− i ∆eff

2Ω̄eff
sin(Ω̄efft)

cs(t) = iΩeff

Ω̄eff
sin(Ω̄efft) Ω̄eff ≡

√

Ω2
eff + (∆eff/2)2

Two-photon resonance ∆eff = 0 ⇒

cg(t) = cos(Ωefft) cs(t) = i sin(Ωefft)

Two-photon Rabi oscillations
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Eigenstates (dressed states)

Γ
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∆
ΩΩ e1

2

Two-photon resonance ∆1 = ∆2 ≡ ∆

HΛ = −~

[

0 Ω1 0
Ω1 ∆ Ω2
0 Ω2 0

]
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Eigenstates (dressed states)
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2

Two-photon resonance ∆1 = ∆2 ≡ ∆

HΛ = −~

[

0 Ω1 0
Ω1 ∆ Ω2
0 Ω2 0

]

Eigenvalue problem HΛ |Ψ〉 = ~λ |Ψ〉

⇒ λ0 = 0 λ± = −(∆/2)± Ω̄ Ω̄ =
√

Ω2
1 +Ω2

2 + (∆/2)2

|D〉 = 1√
N0

[Ω2 |g〉 − Ω1 |s〉]

|B±〉 = 1√
N±

[Ω1 |g〉 − λ± |e〉+Ω2 |s〉]
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Eigenstates (dressed states)
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Two-photon resonance ∆1 = ∆2 ≡ ∆

HΛ = −~

[

0 Ω1 0
Ω1 ∆ Ω2
0 Ω2 0

]

Eigenvalue problem HΛ |Ψ〉 = ~λ |Ψ〉

⇒ λ0 = 0 λ± = −(∆/2)± Ω̄ Ω̄ =
√

Ω2
1 +Ω2

2 + (∆/2)2

|D〉 = 1√
N0

[Ω2 |g〉 − Ω1 |s〉]

|B±〉 = 1√
N±

[Ω1 |g〉 − λ± |e〉+Ω2 |s〉]

Dark (coherent population trapping – CPT) state

|D〉 = cosΘ |g〉 − sinΘ |s〉 tanΘ = Ω1

Ω2
mixing angle

⇒ |cg|2 = cos2 Θ =
Ω2

2

Ω2
1+Ω2

2

|ce|2 = 0 |cs|2 = sin2 Θ =
Ω2

1

Ω2
1+Ω2

2

MAOP-AM, 30/08/22 – p. 22/25



FORTH
IESL

FORTH
IESL

Stimulated Raman Adiabatic Passage

Time-dependent Rabi frequencies (∆ = 0)

Ω2(ti) ≫ Ω1(ti) [Θ = 0]

⇒ |Ψ(ti)〉 = |D〉 = |g〉

Ω2(tf) ≪ Ω1(tf) [Θ = π
2 ]

⇒ |Ψ(tf)〉 = |D〉 = |s〉
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Stimulated Raman Adiabatic Passage
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Stimulated Raman Adiabatic Passage

Time-dependent Rabi frequencies (∆ = 0)

Ω2(ti) ≫ Ω1(ti) [Θ = 0]

⇒ |Ψ(ti)〉 = |D〉 = |g〉

Ω2(tf) ≪ Ω1(tf) [Θ = π
2 ]

⇒ |Ψ(tf)〉 = |D〉 = |s〉
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Adiabatic following condition

|Θ̇| =
∣

∣

∣

Ω̇1Ω2−Ω1Ω̇2

Ω2
1+Ω2

2

∣

∣

∣
≪ |λ± − λ0|

Gaussian pulses of duration T

⇒ ΩmaxT & 10
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Problems & Questions

Starting with the Hamiltonian HΞ for a three-level atoms with Ξ configuration of levels,

including the decay of levels |e〉 and |s〉, derive the coupled differential equations for

the amplitudes cg and cs under the conditions |∆1 +∆2| ≪ |∆1,2| and
√

∆2
1,2 + γe ≫ Ω1,2.

Under what conditions, the ac Stark shifts Sg,s of levels |g, s〉 in a Λ and Ξ systems

are equal in magnitude and sign?

In a V-system, can we perform STIRAP between levels |e〉 and |s〉 having large decay

rates Γe,s?
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Further Reading

L. Allen and J. H. Eberly, Optical Resonance and Two-Level Atoms (Wiley, 1975)

C. Cohen-Tannoudji, J. Dupont-Roc and G. Grynberg, Atom-Photon Interactions:

Basic Processes and Applications (Wiley, 1992)

M. O. Scully and M. S. Zubairy, Quantum Optics (Cambridge University Press, 1997)

P. Meystre and M. Sargent III, Elements of Quantum Optics (Springer, 1999)

P. Lambropoulos and D. Petrosyan, Fundamentals of Quantum Optics and Quantum

Information (Springer, 2007)

L. Landau, Phys. Z. 2, 46 (1932); C. Zener, Proc. R. Soc. London A 137, 696 (1932)

E. Arimondo, Coherent population trapping in laser spectroscopy, Prog. Opt. 35, 257

(1996)

K. Bergmann, H. Theuer and B.W. Shore, Coherent population transfer among

quantum states of atoms and molecules, Rev. Mod. Phys. 70, 1003 (1998); Rev. Mod.

Phys. 89, 015006 (2017)

http://gate.iesl.forth.gr/∼dap/lnotes.html
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