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H = 1
2

N
∑

j=1

hj σ̂
z
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2
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∑
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Jj(σ̂
x
j σ̂

x
j+1 + σ̂

y
j σ̂

y
j+1 + ∆σ̂zj σ̂

z
j+1)

j j’

jJjJ −1

hj : local magnetic field at site j

σ̂x,y,z
j : Pauli spin operators

Jj(t): inter-spin couplings (Jj ∈ [0, Jmax])

∆ (= 0): anisotropy (XX model)
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z
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∑
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Jj(σ̂
x
j σ̂

x
j+1 + σ̂
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j σ̂

y
j+1 + ∆σ̂zj σ̂

z
j+1)

j j’

jJjJ −1

hj : local magnetic field at site j

σ̂x,y,z
j : Pauli spin operators

Jj(t): inter-spin couplings (Jj ∈ [0, Jmax])

∆ (= 0): anisotropy (XX model)

Isomorphic to the Hubbard Hamiltonian: | ↓〉j ≡ |0〉j & | ↑〉j ≡ |1〉j ⇒

H =

N
∑

j=1

hj â
†
j âj −

N−1
∑

j=1

Jj(â
†
j âj+1 + â

†
j+1âj)

j j’

jJ jJ−1

hj : single-particle energy at site j

âj , â†
j : fermion or hard-core boson operators

ˆ

(â†
j)

2 = 0
˜

Jj(t): inter-site hopping (Jj ∈ [0, Jmax])
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Qubit state: |ψ〉 = α |0〉 + β |1〉 [ | ↓〉 ≡ |0〉 & | ↑〉 ≡ |1〉]

Transfer state |ψ〉 through the Spin Chain (of length N ):
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At tin = 0 initialize the qubit state |ψ〉1:
|Ψin〉 = α |0〉 + β |1〉 [ |j〉 ≡ σ̂+

j |0〉 (â†
j |0〉) single excitation subspace]

Time evolution due to H(t) [U(t) = T exp
[

1
i~

∫ t

0
H(t′)dt′

]

]:

|Ψ(t)〉 = U(t) |Ψin〉 = α |0〉 + β
∑N
j=1Aj(t) |j〉
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j |0〉 (â†
j |0〉) single excitation subspace]

Time evolution due to H(t) [U(t) = T exp
[

1
i~

∫ t

0
H(t′)dt′

]

]:

|Ψ(t)〉 = U(t) |Ψin〉 = α |0〉 + β
∑N
j=1Aj(t) |j〉

At tout(& N/Jmax) retrieve the qubit state |ψ〉N :

Perfect state transfer: |ψ〉N = α |0〉 + eiφ0β |1〉 ⇒

|AN (tout)| = 1 & φ = arg(AN ) = φ0 = const
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j |0〉) single excitation subspace]

Time evolution due to H(t) [U(t) = T exp
[

1
i~

∫ t

0
H(t′)dt′

]

]:

|Ψ(t)〉 = U(t) |Ψin〉 = α |0〉 + β
∑N
j=1Aj(t) |j〉

At tout(& N/Jmax) retrieve the qubit state |ψ〉N :

Imperfect state transfer: ρN ≡ Tr6N ( |Ψ〉〈Ψ| ) ⇒

F ≡ 1

4π

∫

〈ψ| ρN |ψ〉dΩψ =
1

2
+

|AN |2
6

+
|AN | cos(φ− φ0)

3

Bose, PRL 91, 207901 (2003) Safed Workshop, 24/08/10 – p. 5/14
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Idealized spin chain: No disorder

hj := 0 ∀ j ∈ [1, N ] Jj = Jj(t) ≤ Jmax

Number of [spin or particle] excitations is preserved:

∑

σ̂zj = const ∈ [0, 1] |Ψ(t)〉 ∈ [ |0〉, { |j〉}]
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Sequence of π pulses: J1(t1), J2(t2), . . . , JN−1(tN−1) = Jmax

R

Jj(t
′)dt′ = Jmaxτ = π/2 ⇒ Aj(tj−1) = −i sin(π/2) Aj−1(tj−2) = (−i)j−1
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AN (tout) = (−i)N−1

@ tout =
(N−1)π
2Jmax

≃ π
2

N
Jmax

(N ≫ 1)

⇒ |AN (tout)| = 1

φ0 = −π
2 (N − 1) (mod 2π)
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Static couplings: Jj = J0

√

(N − j)j ⇒
Equidistant spectrum of H1:

λk = 2J0k − J0(N + 1) (k = 1, . . . , N )
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Equivalent to spin-J in Bx:

〈J , m| Ĵx |J , m + 1〉

= 1
2

p

(J − m)(J + m + 1)

[N = 2J + 1 & j = J + m + 1]
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(j−1) cos (J0t)
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Static couplings: Jj = J0

√
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Aj(t) =
(
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)1/2

×[−i sin (J0t)]
(j−1) cos (J0t)

(N−j)

AN (tout) = (−i)N−1

@ tout = π
2J0

= π
4

N
Jmax

[Optimal!]
[Jmax = JN/2 = 1

2
J0N ]

⇒ |AN (tout)| = 1

φ0 = −π
2 (N − 1) (mod 2π)

Nikolopoulos, Petrosyan, Lambropoulos, EPL 65, 297 (2004); JPCM 16, 4991 (2004)
Christandl et al., PRL 92, 187902 (2004); Yung, PRA 74, 030303(R) (2006) Safed Workshop, 24/08/10 – p. 8/14
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Zero energy λ(0) = 0 (dark) eigenstate of H1 (N - odd):

|Ψ(0)〉 =
1√N0

[J2J4 . . . JN−1 |1〉 + (−1)J1J4 . . . JN−1 |3〉+

. . .+ (−1)J J1J3 . . . JN−2 |N 〉] [J ≡ 1
2 (N − 1)]

Bergmann, Theuer, Shore, RMP 70, 1003 (1998); Greentree et al., PRB 70, 235317 (2004)
Petrosyan, Lambropoulos, Opt. Commun. 264, 419 (2006)

N
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. . .+ (−1)J J1J3 . . . JN−2 |N 〉] [J ≡ 1
2 (N − 1)]

Bergmann, Theuer, Shore, RMP 70, 1003 (1998); Greentree et al., PRB 70, 235317 (2004)
Petrosyan, Lambropoulos, Opt. Commun. 264, 419 (2006)

JJ

1 2 3 NN−1. . .

even odd

N−2

If J2, J4, . . . , JN−1 = Jeven(t)
J1, J3, . . . , JN−2 = Jodd(t)

⇒ A1(t) = [Jeven(t)]J√
N0(t)

AN (t) = (−1)J [Jodd(t)]J√
N0(t)
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JJ

1 2 3 NN−1. . .

even odd

N−2

If J2, J4, . . . , JN−1 = Jeven(t)
J1, J3, . . . , JN−2 = Jodd(t)

⇒ A1(t) = [Jeven(t)]J√
N0(t)

AN (t) = (−1)J [Jodd(t)]J√
N0(t)

Jeven(tin) ≫ Jodd(tin) ⇒ A1(tin) = 1 & AN (tin) = 0

Jodd(tout) ≫ Jeven(tout) ⇒ A1(tout) = 0 & AN (tout) = (−1)J

@ tout ≫ N
2πJmax

[Adiabatic transfer!]

⇒ |AN (tout)| = 1 & φ0 = −π
2 (N − 1) (mod 2π)
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Smooth coupling functions

Jeven(t)=Jmax
1
2

[

1 − erf
(

t− 1

2
tout±2σt√

2σt

)]

Jodd(t) =Jmax
1
2

[

1 + erf
(

t− 1

2
tout±2σt√

2σt

)]

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  50  100  150  200
 0

 5

 10

 15

 20

 25

Jodd
Jeven

Jmax

S
ite

 in
de

x
j

Time

|Aj|2
σt = 1

8
tout tout = 8 N

Jmax
[Slow]

⇒ |AN (tout)| = 1

φ0 = −π
2 (N − 1) (mod 2π)
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Physical origins of disorder

Fabrication imperfections and inhomogeneities

Noise of the external controls [slowly varying during tout − tin]

⇒ Static disorder during each run of State Transfer Protocol
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Physical origins of disorder

Fabrication imperfections and inhomogeneities

Noise of the external controls [slowly varying during tout − tin]

⇒ Static disorder during each run of State Transfer Protocol

Diagonal disorder:

hj Random Gaussian variable with variance σ2
h

P (hj) = 1√
2πσ2

h

exp
(

− h2

j

2σ2

h

)

〈hj〉 = 0

Off- diagonal disorder: Jj → Jj(1 + δJj)

δJj Random Gaussian variable with variance σ2
J

P (δJj) = 1√
2πσ2

J

exp
(

− δJ2

j

2σ2

J

)

〈δJj〉 = 0
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Physical origins of disorder

Fabrication imperfections and inhomogeneities

Noise of the external controls [slowly varying during tout − tin]

⇒ Static disorder during each run of State Transfer Protocol

Diagonal disorder:

hj Random Gaussian variable with variance σ2
h

P (hj) = 1√
2πσ2

h

exp
(

− h2

j

2σ2

h

)

〈hj〉 = 0

Off- diagonal disorder: Jj → Jj(1 + δJj)

δJj Random Gaussian variable with variance σ2
J

P (δJj) = 1√
2πσ2

J

exp
(

− δJ2

j

2σ2

J

)

〈δJj〉 = 0

Average over many (1000) independent realizations
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Advantageous and Disadvantages of State-transfer Protocols

(a) Sequential SWAP protocolD susceptible to diagonal and off-diagonal disorder (σh, σJ )D requires precisely pulsed couplings Jj(t)

(b) Spin-coupling protocolU is the fastest [optimal ]; twice faster than Sequential SWAPU tolerates well diagonal disorder (σh)

(c) Adiabatic transfer protocolU very tolerant to off-diagonal disorder (σJ ) and pulse uncertaintiesD is slow ⇒ very susceptible to diagonal disorder (σh): phase drift σφ ≃ σhtout
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Physical realizations of Quantum Channels and Quantum Registers

Arrays of coupled quantum dots
Arrays of coupled superconducting qubits
Atoms in optical lattices
. . .
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(b) Spin-coupling protocolU is the fastest [optimal ]; twice faster than Sequential SWAPU tolerates well diagonal disorder (σh)

(c) Adiabatic transfer protocolU very tolerant to off-diagonal disorder (σJ ) and pulse uncertaintiesD is slow ⇒ very susceptible to diagonal disorder (σh): phase drift σφ ≃ σhtout

Physical realizations of Quantum Channels and Quantum Registers

Arrays of coupled quantum dots
Arrays of coupled superconducting qubits
Atoms in optical lattices
. . .

Petrosyan, Nikolopoulos, Lambropoulos, PRA 81, 042307 (2010)
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