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Experimental and theoretical study of magneto-inductive waves supported
by one-dimensional arrays of “swiss rolls”
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The propagation of magneto-inductive waves in a one-dimensional array of “swiss roll”
metamaterial has been studied. It was found that long-range interactions over the whole of the array
must be included to describe the excitations accurately. Using the dispersion relations deduced from
experimental data on pairs of elements, the coupling coefficients between all the elements in the
array have been determined by matching the experimental and theoretical curves. The relative
amplitudes and phases of the excitations on each element in a 31-member array have been measured
and compared with the theoretical prediction based on the previously derived coupling coefficients.
Excellent agreement between the predicted and measured behavior is found, provided that a full set
of coupling coefficients is used. @004 American Institute of Physics.
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I. INTRODUCTION and the swiss rollessentially a capacitor rolled on a dielec-
tric core as shown in Fig.)1l Experiments with extended

It has long been knowrthat the dielectric properties of swiss roll structurés’ comprised of up to 271 elements,
an insulator can be changed by incorporating variouslyshowed that the resulting metamaterial had a high permeabil-
shaped metallic structurgfor example, rods, spheres, digks ity capable of guiding magnetic flux with potential applica-
within it. These changes are usually modest at microwavéions in, for example, magnetic resonance imaging.
frequencies, but can be quite significant at optical frequen- A third metamaterial element, a capacitively loaded
cies. More recently, Pendry and co-workers shdWetthat  |oop, was proposed in Ref. 8. It was pointed out there, using
radical changes can be obtained, not just in the dielectrign array of such loops as an example, that a magneto-
properties, but also in the magnetic characteristics of a manductive (MI) wave, due to the magnetic coupling between
terial, provided that the inclusions have a resonant charactefhe elements, may also be excited by an input rf magnetic
Such materials are known as metamaterials, and can be dgeld. The band of frequencies for which these MI waves can
signed to be active in the rf and microwave frequency rangegropagate depends on this inter-element coupling: the higher
(typically 1 MHz to 100 GHz. The magnetic activity occurs the coupling, the wider the frequency band. The type of the
in a frequency range which is related (taut is not identical  \aye, whether forward or backward, was shown to depend
to) the resonant bandwidth of the elements. Finite losses resn the orientation of the loops. The properties of these waves
duce the magnitude of the changes in permeability, but subyere studied in more detail in Ref. 9 and were proven ex-
stantial effects can still be obtained with practically aChieV'perimentally for the one-dimensionélD) case in Ref. 10.
able materials. When both the permittivity and theThe question then arises: Could the other types of elements,
permeability are made negative, the refractive index of th‘?)roposed for magnetic metamaterials, also support MI
material can be regarded as negafi@e shown by Veselago \yaves? Swiss rolls are obvious candidates since, in any ar-
in 1968* leading to some unique properties, e.g., an inverteqay, the magnetic field generated by one swiss roll is bound
Snell's |a"‘_’?r’ and a transverse electromagnetic wave propagay induce currents in other swiss rolls of the array. The aim
tion in which the phase and group velocities are in 0ppositéyt the present article is to conduct a detailed experimental
directions. and theoretical study showing the existence of Ml waves in a

The resonant elements proposed in Ref. 3 for changing p array of swiss rolls.
the metamaterial permeability were the split ring resonator  \yse first consider the choice of the experiments based on
theoretical considerations; this is discussed in Sec. Il. The
dElectronic mail: michael.wiltshire@imperial.ac.uk experimental setup and the method of measurements are de-
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FIG. 1. Schematic representation of a swiss roll, showing the conductor/ .
dielectric laminate wound in a spiral on a central mandrel. When an alter- Receiver loop l
nating magnetic field is applied along the axis of the structure, it induces onrolln |
currents in the spiral. Distributed capacitance in the structure allows the (n=0- 30)\
currents to flow.

scribed in Sec. Ill. The experimental results are presenteB'G- 2. Schematic of experimental layout. The HP4195A network analyzer

. . . drives the 3 mm diameter source loop placed on roll 0. The 3 mm diameter
and Compared with theory in Sec. IV. Our conclusions aIPereceiver loop detects the flux emerging from the end of the target roll. The

drawn in Sec. V. rolls are configured either as just a pair or as an array.

Il. DETERMINATION OF THE COUPLING o .
COEFFICIENTS measured by probes as shown in Fig. 2. The ratio between

) 0 i i these two currents turns out to contain all the information
In our previous work;” that examined the propagation of needed. The relationship can be easily derived from the
MI waves along a 1D array of capacitively loaded loops, thetheory presented in Refs. 8 and 9 as

comparison between theory and experiment was fairly _
straightforward, because only nearest-neighbor interactions !o/l1=2 costi(a+jk)D), 1

needed to be considered. It is more difficult to make theyherek is the wave numbeg is the attenuation coefficient,
comparison in the present case because higher-order cogngj=./~1. Since the currents differ from each other both
pling is more significant for swiss rolls. They differ from j, phase and amplitude, E@l) is sufficient to determine
loops by having a third dimension as well. In the preseniyoth k and «. Note that in the absence of losses, the two
case, the aspect ratitength/diameterof the swiss rolls is  ¢yrrents represent two points in a pure standing wave, so
about 5. Hence, the magnetic field distribution generated aney must be either in phase or in antiphase. If the currents
the swiss rolls is quite different from that of loops: the de-zre measured for a range of frequencies, then we carkplot
cline of the magnetic field along the axis of the array is muchynd o as a function of frequency, and these are none other
slower. This has been well known for a long time in thethan the dispersion characteristics. The theoretical dispersion
related field of solenoids. The influence of the length of thecharacteristic contains three free parameters: the resonant
solenoid on the mutual inductance between two identical SOfrequencyw,, the quality factorQ, and the coupling con-
lenoids a certain distance apart was studied in detail by thosg§ant «. Out of these three, the resonant frequency and the
interested in circuit design. For detailed calculations, SeQuality factor can be determingdee Sec. I)l by measure-
Ref. 11. ments on an individual element, so that only the coupling
The consequence of the magnetic field decaying slowly:onstantx remains as a free parameter which can be deter-
away from each of the elements is that the change of phasgined by matching the experimentally obtained dispersion
and amplitude along the line cannot be described by nearestyrve to the theoretical one. If in this pair experimént
neighbor coupling alone. Direct coupling between element O- 4 then we measure the first-order coupling coefficient. If
and elemens, a distances-d away (whered is the distance D=sd, we measure the-order coupling. Thus, a series of
between the centers of neighboring elememtsly also be  experiments measuring pairs with increasing spacing will al-
important. Such coupling will be referred to a®rder cou-  |ow us to determine the coupling constartfor each order
pling (note that in this terminology nearest-neighbor cou-in turn. These parameters can then be used to derive the

pling appears as first-order coupling behavior of arrays of rolls, all spaced uniformly apart.
Is there a way of directly measuring higher-order cou-

L :
E)Img". Fortunately, thgre is. It can be deduceq from a set Olfll. EXPERIMENTAL SETUP AND MEASUREMENTS
pair” measurements in which the array consists of two el-

ements only at a distanéfrom each other; the first element The individual swiss rolls are resonant elements com-
is excited and the relative currents in elements 0 and 1 arprised of a spiral of insulated conducting foil tightly wound
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on a central mandrel. For optimum performance, both the
conductor and the insulating dielectric layer are required to
be as thin as possible, with no lossy glue layer between them.
Espanex SC18-12-00RRwas selected as the most suitable
available laminate: This consists of L2n of polyimide and

18 um of copper. the dielectric has a loss tangent-@.015

at 10 MHz. 50 mm wide strips of this material were wound
onto 10 mm diameter acetal mandrélsg. 1). 11 turns of
laminate gave an overall diameter of 12 mm and a suitable
resonant frequency. However, because the rolls were hand
made, there was a distribution of resonant frequency that was
broader than the width of any individual resonance. The in-
dividual rolls were, therefore, tuned using a 40 mm wide,
capacitively coupled, Espanex sleeve. This protruded by 10
mm so that the roll and sleeve together were 60 mm long,
and the sleeve length was adjusted so that the combination of
roll and sleeve had a resonant frequendy=21.9
+0.1 MHz andQ~65. A total of 300 rolls were madepf
these, 31 were selected for the present work that had reso-
nant frequencies within a 25 kHz spread.

Two sets of experiments were carried out. In both cases,
the measurements were made using an HP4195A network
ana|yzer, with 3 mm diameter |OOpS as both the source an8lG. 3. (a8 The frequency variation of the attenuation coefficient derived
the receiver. Low-noise preamplifiers were used to ensurgom the pz'airmeasuremen_ts for a number of selected digtances. The dots are

. . values derived from experimental results, whereas the lines are the theoret-
that the measured signal was well above the noise floor qgl curves based on Efl) using the best fitting coupling coefficients(b)
the systen($100 dB. The frequency variation of the wave number or propagation coefficient. The

In the first set of experiments, we investigated the Cousymbols(t_he circles fo_r nearest-_neighbor spacing, squares for gecond- and
pling between a pair of rolls as a function of their separation{Eg?ﬁggggzgféesspcar%g?{e derived from the experiments; the line from
from the nearest neighbor up to 30th neighbor. The rolls
were placed on a polystyrene foam bed with indentations to
maintain the correct positions. One roll was excited by plac-
ing the source loop adjacent to the protruding mandrel, aboutase, the curves all retain the same shape and the minimum
3 mm away from the end of the Espanex spiral. The detectoattenuation occurs at the approximately the same frequency.
was placed first at the other end of the excited roll, and then The w versuskD curves may be derived in a similar
at the end of the second roll. The transmitted amplitude angvay. They are shown by circles and squares in Fig) 8r
phase at each position were recorded at 401 frequency poinBs=d and 2, respectively. For larger pair distances all the
in the range of 15—-35 MHz, as a function of roll separationway up toD=30d, the curves coincide.

(see Fig. 2 The theory used closely follows that for loops developed

The 31 rolls were then laid side-by-side so that theirin Refs. 8 and 9. The array of loops was regarded there as a
center-to-center spacing was 12 mm. Once again, the firstet of coupled resonant circuits and the dispersion character-
roll was excited with the 3 mm diameter source loop, and thestics were derived from that assumption. The only difference
transmitted amplitude and phase were recorded at 401 fravith regard to swiss rolls is that the coupling coefficients
guency points in the range of 15—-35 MHz by placing the 3will be different. We may then write the dispersion equation
mm diameter receiver loop at each roll in the array in turnfogg ghe pair experimentonly one single coupling coefficient
(see Fig. 2 as”

Frequency / MHz

Frequency / MHz

Wavenumber kD/x

_ 2 2 .
IV. COMPARISON BETWEEN THEORY lo/11=2/k(wgl 0= 1+]/Q). 2

AND EXPERIMENTS

R . There are three free parameters in this equation: the resonant
A. Derivation of coupling parameters

frequencywg, the quality factorQ, and the coupling con-

As mentioned in the previous Section, 30 pair measurestantx. Since it has already been established that swiss rolls
ments altogether were conducted, each one of them for 40dre resonant structures, and their resonant frequency and
values of frequency. In order to find the dispersion relation-quality factor have been determined as 21.9 MHz and 65,
ships, all we need to do is to invert EQ.) which will yield respectively, that leaves only one free parameter, the cou-
bothkD andaD as a function of frequency. Conventionally, pling constant. By matching each of the experimental curves
we plot w againstkD or aD, and thew versusaD curves (dot9 in Fig. 3(@) by a theoretical onésolid lineg, the cor-
obtained this way are shown as dots in Figg)3or selected responding coupling coefficient can be determined. The
pair distances betweeD=d and 3@. The attenuation in- match may be seen to be very good near to the resonant
creases steadily with distance, but after the first-neighbofrequency but there is some divergence toward the edges of
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FIG. 4. The values of the 30 coupling coefficients derived from the pair <2 0
measurementgircles. The dotted line is a guide for the eyes. The full line = (10)
shows the inverse cube relationship, normalized to the 30th coefficient. 1 4
S . . 6 ' :
the band. Considering that the model is a very simple one, 0 10 20 30
the overall agreement between theory and experiment may Element numbern

he regarded as good. . FIG. 5. Amplitude and phase variation along the array at 21.0 MHz. The
ThekD versusw curves found experimentally may also ¢jrcles are experimental values, and the lines show the theoretical values

be matched by theoretical ones as shown in Filg) By lines ~ when up to 1, 10, 20, and 30 coupling coefficients are taken into account.
for D=d and A. For larger distances, the theoretical curves,

as well as the experimental curves, coincide. The reason for

this is that, once losses dominate, B versusw curves

become independent of the coupling coefficient. Under the V=(1,0,0;--0), (4)
assumption of high attenuation the relationship between
andkD can be easily obtained from Eg4) and(2) in the
simple form

because only the first element is excited. The impedance ma-
trix, Z, is of the form

) VA joMg1 -+ JwMgzo
w? w§=Q tankd)/(Q tan(kd)— 1), €) joMio  Zo - joMis

: 5
which is clearly independent of the coupling coefficient. ) ]
The coupling coefficients determined by the matching JoMgop JoMggy - Zo

technique are shown in Fig. 4 by a set of circles. As ex'wherezo=ij+1/ij+R, whereL, C, andR are the in-

pecte_d, the hlgher the order of t_he couplmg, the smaller th%uctance, capacitance, and resistance, respectively, of the in-
coupling coefficient. Note that, if the distance between thedividual swiss rollgall assumed to be identioabndM , . is

two elements is large enough, the decay of the coupling CO%he mutual inductance between elementand element.

effl_m_ent should be proportional to the cube_ O_f the d'StanC_eThe mutual inductance is related to the coupling coefficients
This is because, when observed from a sufficiently large dis;

tance, a swiss rollor a solenoid appears as an infinitely

small magnetic dipole. The magnetic field in the vicinity of 2M /L= Ky n- (6)

the swiss roll, as discussed in Sec. Il, declines much more

slowly due to the finite length of the element. The dottedTherefore, once we have determined all the coupling coeffi-

curve in Fig. 4 shows the cubic decline relative to the lastcients, we have also found the values of all the mutual in-

coupling coefficient. It can be clearly seen that the cubic lanductances.

starts to become valid at around the 24th element. The curves We have a matrix of 3%31 elements in which each of

shown in Fig. 4 give an indication of the significance of the off-diagonal elements was determined by the pair experi-

higher-order coupling. ment. We invert this matrix, and postmultiply it by the trans-

pose ofV to obtain the 31 complex values for the currents in

the 31 elements. The test of the model is then that these
So far the theory has been quite successful in matchingalues(which we shall call the theoretical oneshould agree

the pair experimental results, but the real test comes whewith the results of the experiment in which the current is

we wish to match the experimental results obtained by meameasured for each of the elements of the 31-element array.

suring the phase and amplitude of the current on each of thieleally, the agreement should be close for all 401 values of

elements in a 31-element long array of swiss rolls. We derivdrequency. Clearly, if we are to hope for any agreement be-

the current by inverting th& =ZI relationshif® where tween theory and experiment, the pair measurements have to

B. Investigation of array behavior
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1 the complex plandnote that the radial coordinate is on a
logarithmic scale covering three orders of magnijudene
experimentalopen circleg and theoreticaffilled circles re-
sults are shown in Figs.(§-6(c) for f=22, 22.5, and 23

(a) MHz, respectively. In each case, we have good quantitative
agreement. Note that the phase progression with frequency in
these plots shows a backward wave behavior.

Im(L /1)

Re(l,/l,) V. CONCLUSIONS

1 We have investigated the magneto-inductive wave exci-
9 tations running along 1D arrays of swiss rolls. These waves
are governed by the coupling between the elements of the
array, i.e., the mutual inductance between various pairs of
(b) rolls. Unlike our previous study, when the elements were
resonant loops and nearest-neighbor coupling sufficed to pro-
vide a good description, we find here that long-range inter-
actions have to be included. A separate experiment, involv-
ing only two elements, was performed in order to derive the
Re(l /1) coupling coefficient between any two elements of the array.
We find that these coefficients fall off quite slowly as a func-
1 tion of distance, only tending asymptotically to inverse cube
107" behavior for>24th-neighbor spacing. The key point here is
that the rolls are extended resonators, and only at large sepa-
ration is the point dipole behavior recovered. This, of course,
(c) is well known from the mutual inductance of finite
solenoidst!
The theoretical treatment of the arrays is based on a
modef® in which the swiss rolls are regarded as coupled
resonators, using the coupling coefficients derived above. A
comparison of the theoretical and experimental results has
shown good agreement across the whole frequency range of
FIG. 6. Complex amplitude of currents along the array, normalized to that ""Interest(results are plotted at 21, 22, 22.5, and 23 Mldﬂd
element zero, ata) 22.0 MHz, (b) 22.5 MHz, and(c) 23.0 MHz. The . .
experimental points are denoted by open circles, the theory by filled circlesf.Or amp“tUde Changes covering a range _Of about 60 dB.
A remarkable feature of the array, in contrast to any
other array we have come across, is the relevance of the
) ) higher-order coupling between the elements which is due to
be of very high accuracy and the theoretical model has t0 b, tact that the magnetic field generated by a swiss roll
accur_ate enough to yield the right coup“ng CO_eff'C'e”tS- _decays relatively slowly away from the element. It has been
Figures 5 and 6 show the comparisons with the experigpawn that for determining the complex current in a 31-

mental results. Let us first take a frequenty;21.0MHz,  gjement array, none of the 30 coupling coefficients can be
below the resonance. The measured phase and amplitude (ﬂgregarded.

the currents at each element, qormalized to the first one in In conclusion, we have shown that, provided the correct
the array, are shown by circles in Figgaband 3b). There gt of coupling coefficients is used, the MI wave formalism

are four theoretical curves plotted, taking into account up tQ,ccyrately describes the propagation of an rf excitation along
1, 10, 20, and 30 coupling coefficients, respectively. The,, array of swiss roll elements.

remarkable conclusion, which applies both to the phase and

amplitude, is that a theory taking into account the first 10

coupling coefficients can only match the experiments for they . NnOWLEDGMENTS
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