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Abstract: A slab of negatively refracting material is known to focus light
and if n=-1 the focussing will be perfect, producing an image which is an
exact replica of the object. Magnifying the image requires a new design
concept in which the surface of the negatively refracting lens is curved.
Here we show how a hollow cylinder of material can be designed to
magnify an image but otherwise with the same perfection as the original
lens. Curvature requiresthat € and p are now afunction of position.
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1. Introduction
Some time ago Veselago [1] observed that adab of material with,

e=-1 pu=-1 (D

would have refractive index n=-1and behave as a lens. The negative refractive index was
subsequently confirmed by Shelby, Smith and Schultz in 2001 [2]. A further remarkable
property of this new type of material was later pointed out [3]: the property that the focussing
is perfect provided that condition (1) is met exactly. Materials that approximate the properties
demanded can now be designed both in respect of negative € [4, 5, 6] and negative u [5, 6, 9,

10]. It has even proved possible to realise these conditions through photonic structures [11].
Building on the perfect lens theory [7] we exploited conformal transformations to bend
the shape of the perfect lens into other geometries such as two concentric cylinders or
aternatively two touching cylinders. See Figs. 1 and 2. The objective was to make a
magnifying glass, and for this purpose a lens must be curved. The conformal transformation,

z'=Inz )]

where z= x+iy resulted in a cylindrical lens which reproduced the contents of the smaller

cylinder in magnified but undistorted form outside the larger cylinder. This transformation
preserves the solutions of Laplace's equation and leaves the values of €, , the electrical
permittivity/magnetic permeability, unchanged in their respective domains. However
Laplace's equation is avalid description of the fields only in the electrostatic or magnetostatic
limit where the electric and magnetic fields separate. Lenses defined by conformal
transformations are only valid provided that al dimensions are much less than the wavelength
of light which is a somewhat limiting condition. Fortunately there exists a more general theory
of arbitrary coordinate transformations [ 13] which enables us to make an exact transformation
of the original planar lens into a perfect lens of almost any geometry we choose, provided that
we adjust €, 1 accordingly.

&— X
\ r )

Fig. 1. The annular lens produces a magnified image of internal objects,
and a demagnified image of external objects. The magnifying factor is

b2/a2 . The lens is myopic: only objects closer than r = bz/a can form
an image inside the annulus. Conversely objects within the annulus and

closer tothe centrethan r = az/b to the centre will not produce an image
outside the annulus.

Consider a cylindrical symmetric system in which,
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Let us define aset of cylindrical coordinates as follows,

From [13] we deduce that in the new frame,

where,

s0 that,

and from (5), (8),

- _ _ . 20/0
iy =Loy, llq):@oluq), nz =r02/foeé/é0 W,

e(r)=n(r)>0, r<a
e(r):M(r)<O, a<r<b (3)
e(r)=u(r)>0, r>b
x:roeWO coso, y=roe'€/'€05in¢, ,o7 @
e Q0% 00 5
Q Q
E=QE, H;=QH, (6)
2 2 2
2 _[9x aqy Jz
° _(aqij +(an {aqij ¢
Q= ro/50\/92ﬁ/ﬁ0 cos? o+ €270 sin? ¢ =1/ ¢ €0
Q :ro\/ezz/zo sjn2¢+e2"/"° c0s? ¢ zroez/zo ©
Q, =1
QQyQz = roz/fo 2/t
= tots To=ritey B2-G 1o e, ®

where the ¢ coordinate is oriented along the radia direction. Now if we make the choice of

gozland,
gy =Hy=+L g, =Uy=+1 sZ:uZ:HO‘Ze‘ZZ:H‘Z, r<a,
gp=W,=-1 gp=ly=-1 szzuzz—ro‘ze_%:—r‘z, b>r>a, (10)
gy =My =+1 gy =Ny =41 eZ:uZ:+ro_Ze‘2"’:+r‘2, r>b

theninthe ¢0Z frame,
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g =0y =+L & =0,=+L, E&z=fz=+L (<igln(a/rp),
g =fy=-1 &=R=-1 Ez=Az=-1 (gin(a/rg)<’<loIn(b/rp), (11)
Ey=fiy=+1 &y =0, =+l Ez=(z=+1 (>/gin(b/rp)

and hence in the new frame this choice results in specifications for a perfect lens: an object
located at,

ty="(gIn(r/rg)<foln(a/ry) (12)
will form an image at,
’, =£1+2€0In(b/a)=foln{:—2J (13)
0
where,
b2
b=h— (24)
a

This new prescription is almost the same as we arrived at by conformal transformation
except that €,, 1, now depend on the radius as r=2. The original paper assumed that the
electric field was confined to the xy plane and therefore €, was irrelevant. It also assumed the
electrostatic limit so that now magnetic fields were present and hence p, was also irrelevant.
hence in that limit we retrieve our original result.

2. A perfect crescent lens

y
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Fig. 2. Other lenses with cylindrical geometry are possible. Here we see
the crescent lens in which the inner and outer surfaces touch at the origin.

In the electrostatic approximation the transformation which gave us the crescent lens was,
z'=71 (15)

and the corresponding coordinate transformation would be,
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x=x/(x'2+ y'z), y=—y'/(x‘2+ y‘z), z=17' (16)

so that,
2 2
1 2x2 2x'y'
Q. = _
* (x‘2+y'2) (x‘2+y'2)2 " (x2+ y'2)2
\/[x'2+ y'2—2x'2]2+4x'2 y'2 1
- (x'2+ y.2)2 - (x'2+ y'2)

2
2x' y N 1 3 2y'2
x 2, y2 (x'2+ y'z) (x'2+ y.z)z

4x2 y' + X' +y2 2x'2J2 1
x +y2)2 _(x'2+y'2)
Q, =1
QeQy Qs =(x%+y?)” &
and from (5), (17),
Ex =&y, Ey=¢y, éz=(x'2+y'2)_28Z =(x2+y2)28Z a8
L=t By =My, iz =(x%+ y‘z)_zuz—(xzw )2 iy
Therefore if we choose,
€y =y =+], 8y=|.Ly=+:L £Z=uz=+r_2, < J):y >a_1,
ex=Hx=-1 gy=py=-1 eZ:uZ:—r_Z, b_1<x24):y2<a_1' (29)
ex =Hx=+1 &y =Uy=+] eZ:uZ:H‘Z, Xzfy2<b‘

€ and [1 revert to the case of the original planar perfect lens so that perfect focussing is again
achieved.
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3. Conclusions

We have seen that a change of geometry can be expressed as a change in € and . In
particular a change in geometry can be compensated for by areciprocal changein € and L.

Applying these ideas to the perfect lens generates a whole new class of lens with the same
remarkable capability to focus at the sub wavelength level. In the examples we present here

curvature in the xy plane is compensated for by changesin €,,u, in the direction normal to

the plane of curvature. This ability to transform a concept from one geometry to another can
be expected to have applications beyond the present case, for example in the field of photonic
crystals.
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